The generalized Hamiltonian flow F generated by a smooth function on a t symplectic manifold S with smooth boundary Ѩ S is considered. It is proved that if F has no tangencies of infinite order to Ѩ S, then given a metric d on S, an integral t Ž .
INTRODUCTION
Ž Given a symplectic manifold S with boundary Ѩ S and a smooth Ham-. iltonian function p on S, satisfying certain non-degeneracy conditions, the generalized Hamiltonian flow is a local flow F : S ª S. It was first defined t w x Ž . by Melrose and Sjostrand 11, 12 in the case S s T * M , p being thë principal symbol of a certain differential operator on the manifold with boundary M. Their study was motivated by investigations on propagations of singularities of differential operators and inspired by previous works of w x w x w x Melrose 8, 9 , Anderson and Melrose 1 , Ivrii 3 , Morawetz, Ralston, and w x w x Ž w x Strauss 13 , Taylor 16 , and others see also Hormander 4, Sect. 24 and . the Notes there . Later it was shown that the generalized Hamiltonian flow is encountered in many important problems in spectral and scattering Ž w x . theory cf., for example, 2, 10, 14 .
Ž
n SsT* ⍀=‫,ޒ‬ where ⍀ is a domain in ‫ޒ‬ with smooth boundary Ѩ ⍀, and p is the principal symbol of the wave operator. The projection of the generalized Hamiltonian flow on ⍀ determines a flow called the generalized geodesic flow in ⍀. Roughly its integral curves can be described as the possible trajectories of a point moving with constant speed in the interior of ⍀, reflecting from Ѩ ⍀ following the usual law of the geometrical optic. When the point reaches Ѩ ⍀ with direction of motion tangential to Ѩ ⍀, under certain circumstances, it may start to move on Ѩ ⍀ along a geodesic line on Ѩ ⍀. Under similar circumstances the point might leave Ѩ ⍀ entering the interior of ⍀, etc. Clearly, this flow is connected with two very well known flows in the theory of dynamical systems: the billiard flow and the geodesic flow. For example, if ⍀ is a strictly convex bounded domain, then the generalized geodesic flow coincides with the billiard flow in the interior of ⍀ and with the standard geodesic flow on Ѩ ⍀.
In general the behavior of the generalized Hamiltonian flow is rather w x Ž w complicated. In fact, as an example of M. Taylor 16 shows see also 4, x. Sect. 24 , this is not always a flow in the usual sense of dynamical systems, since there may exist different integral curves issued from one and the same point of the phase space.
In the present paper we make the assumption that the Hamiltonian vector field H has no tangencies of infinite order to Ѩ S which guarantees p Ž w x. cf. 11 that the generalized Hamiltonian flow F is well-defined as a local t flow. However, even under this assumption the situation still looks rather complicated. The main difficulty comes from the fact that near the Ž . boundary Ѩ S each integral curve consists of several pieces segments Ž . satisfying different systems of Hamiltonian differential equations. In the case when only transversal reflections occur, each segment satisfies the same system of differential equations but then the condition of impact at the boundary must be taken into account and the fact that the number of Ž . segments pieces of the curve tends to infinity as the curve gets closer to the boundary Ѩ S. Having this in mind, one can see why the regularity properties of the generalized Hamiltonian flow cannot be very good. In fact, the flow is even discontinuous but making some standard identifications of points along the boundary Ѩ S, one gets a continuous flow. This was w x Ž w x . established by Melrose and Sjostrand 11 . It is known see 9; 4, Sect. 24 that the strongest regularity property that the generalized Hamiltonian 1 Ž flow might have in general is Holder continuity of order see also Sec-2 . tion 2 below .
In this paper we show that the generalized Hamiltonian flow has a property stronger than continuityᎏwe call it weak Holder continuity. Ž . Ž . Given a metric space X, d , we say that a flow f : X ª X t g ‫ޒ‬ is t weakly Holder continuous if for each x g X and each T ) 0 there exisẗ
Though this property has a lot to do with the geometry of Ѩ S, it is quite easy to show that it is equivalent to its local version which has a purely analytic nature and concerns dependence of integral curves on their initial points. The situation here resembles that of an impulsive differential Ž w x . equation cf. 5 , for example . The difference is that the times of impact at the boundary Ѩ S and the number of these impacts on a given time interval < < t F T are different for different integral curves.
It is worth mentioning that the result proved below is not trivial even in Ž the special case of the generalized geodesic flow in a convex but not .
2 strictly convex domain ⍀ ; ‫ޒ‬ with smooth boundary Ѩ ⍀. Then of course the interesting case is when the initial integral curve is the boundary Ѩ ⍀ Ž . or part of it . If Ѩ ⍀ is strictly convex, the weak Holder continuity follows Ž w x. easily from the remarkable results of Lazutkin see, for example, 6 and w x Melrose 9 . In this case the behaviour of the flow near Ѩ ⍀ is rather simple because of the existence of invariant curves. However, if the Ž curvature of Ѩ ⍀ vanishes somewhere, invariant curves no longer exist see w x. Mather 7 and the situation becomes much more complicated. The question remains whether in this special case the flow is Holder continuous. It seems very unlikely that this is so in the general situation considered in this paper.
PRELIMINARIES AND STATEMENT OF THE MAIN RESULT
Let S be a symplectic manifold with boundary Ѩ S and let p: S ª ‫ޒ‬ be a Ž ϱ . w x Ž w x . smooth C function with dp / 0. Following 11 see also 4, Sect. 24 , 
We are going to determine the flow of p on the zero le¨el set
Ž .
Consider the following subsets of ⌺:
The gliding¨ector field
q 0 which are points of one and the same integral curve of on Ѩ S.
Clearly, such a curve ␥ has discontinuities at the points of B. To get a continuous curve we have to identify some pairs of points on Ѩ S. Consider the following equivalence relation on ⌺: x ; y iff either x s y or x g ⌺ l Ѩ S, y g ⌺ l Ѩ S and x and y lie on one and the same integral curve of on Ѩ S. The quotient space ⌺ s ⌺r; , which carries a natural structure of a manifold with boundary, is called compressed characteristic set and thẽ projection ␥ of a generalized integral curve ␥ on ⌺ is a continuous curvẽ called compressed integral cur¨e of p.
In what follows we assume that
In this case one can define a flowF
w x cf. 11 . It was shown in 11 that the maps F are continuous. 
Ä 4
In general is only locally defined and so in such cases F is a local flow t < < defined for small t . However, the integral curves of p, disregarding their parametrization, are globally defined and do not depend on . To avoid the inconvenience caused by the change of the parameter along integral curves, one may consider maps between cross-sections of a given integral Ž . curve the same definition as that of a Poincare map . Since the probleḿ we deal with below is of local nature, and locally the maps between cross-sections and F have equivalent behaviour, we consider the maps F t t as if they were globally defined.
Note that in general the maps F are not smooth. This is easily seen for
⍀ being a domain in ‫ޒ‬ n with smooth boundary Ѩ ⍀, and p given by and is the maximal number with this property. 2 Given S and p as in the beginning of this section, fix an arbitrary metric d on ⌺ generating its topology. The following result has been announced w x in 15 .˜T
and T ) 0. There exist constants C ) 0 and ␣ ) 0 such that
t 0 t 0 < < for e¨ery g K and e¨ery t with t F T .
0
The rest of the paper is devoted to the proof of this theorem.
PROOF OF THEOREM 1
Consider the following local version of the statement of Theorem 1. each t there exist T ) 0, ␣ ) 0, C ) 0, and a neighbourhood U of in
where T s T . We may assume that 0 s t -иии -t s T and t -
Let g U and t g 0, T . We claim that 3 holds. There exists i with 0 0 sF . The definition of U and g U imply F g U . Therefore
In the same way
1 0
Applying this procedure i times, one gets 
Ž .
0 Ѩ x 1 w x Ä Using 4, Lemma 24.3.5 , we find a constant CЈ ) 0 such that if F : t g t w x4 Ž 0, T is a reflecting bicharacteristic in this case it is equivalent to say that . the bicharacteristic is not entirely contained in G , then we have
Ž . 
Ž . Given g ⌺, define e t and f t as e t and f t , respectively, replacing with . Ž . Ž w x w x. for some constant a / 0 and some smooth function t cf. 11 or 4 .
Using standard facts from the theory of differential equations, it follows that if U is small enough, then there exists a constant c ) 0 such that for 0 every g U we have the representation 0 e t s a q a t q иии qa t ky2 qat ky 2 q t t
where
Ž . Ž .
8
Next, we distinguish two subcases. The first is the more difficult one. 
Ž . Ž . and 7 and 8 yield
ž / ž / 2 2 w x for all t g 0, T . In particular,
In what follows we use the notation const to denote a positive constant which does not depend on the choice of U , T, , and t. . w x Applying the inequalities 24.3.7 in 4 , we get that
Ž . Our next aim is to estimate h t by means of ␦ , a, and t. For this we will Ž . Ž . Ž . Ž . Ž . use 10 and 11 . First, for f t , 9 and 10 imply
Ž .
Similarly,
Ž . Ž . From these two estimates, 8 and 11 one gets h t F e t q const f t q y t F at ky 2 q const ␦ q t ky 1 .
In the same way, h t G at ky 2 y const ␦ q t ky 1 .
Ž . Ž .
Thus, there exists a constant M ) 0 such that
12
Ž Ž . Ž .. Next, consider again the integral curve y t , t of the vector fieldG
w x For all t g 0, T except finitely many points we have
So, introducing the function Ž .
Ž . We claim that 0 -⑀ -1. Indeed, 17 is equivalent to
It is now clear that 0 -⑀ -1.
Having fixed the constant M ) 0, choose T ) 0 such that
2M
and the neighbourhood U of so small that 0 0
In the same way for t g t , T we get
We are going to estimate from above the ratio dhrdt t rh t on the w x w x Ž . Ž . interval t , T . Given t g t , T , use 12 and 20 to get
Ž . Ž . In the same way, 16 and 21 imply dh ky 3 ky2
Ž .
Consequently, 
